Abstract. The purpose of the present paper is to study certain radii problems for the function
Introduction
Let A denote the class of all functions of the form the Hadamard product (or convolution) f 1 * f 2 of f 1 and f 2 is defined by
Using the convolution (1.3), we introduce the generalization of the Ruscheweyh derivative as follows:
For f ∈ A, δ ≥ 0 and u > −1, we consider
where R δ f (z) = (1 − δ)f (z) + δzf ′ (z) (z ∈ U). If f ∈ A is of the form (1.1) , then we obtain the power series expansion of the form
where 6) and where (a) n is the Pochhammer symbol (or shifted factorial) defined (in terms of the Gamma function) by
(1.7)
In the case m ∈ N 0 = N ∪ {0}, we have 8) and for δ = 0, we obtain m-th Ruscheweyh derivative introduced in [13] ,
Using the generalized Ruscheweyh derivative operator R m δ , we consider the following classes.
, and all z ∈ U.
The class R δ (m, α) is studied by Shaqsi and Darus [11] . Also the class W 0 (m, α) is studied by Oros [9] , and Esa and Darus [2] . Remark 1.2. For the special chosing of the parameters, we have the following classes:
is also an element of S * (0) or K(0), respectively. Subsequently Livingston [7] considered the converse problem and proved that if
, Gupta et al. [3] and Kumar [4] , (see also [14] ) generalized these results. In the present paper, we extend these results and establish some interesting results. To prove our main result, we shall require the following definition and lemma.
Let P denote the class of functions of the form [8] ). Therefore, without loss of generality, we may assume p 1 = 2b, where 0 ≤ b ≤ 1. Let P b denote the class of those functions of p for which p ′ (0) = 2b. Tuan and Anh [15] showed that if p (z) ∈ P b , then p(z) maps |z| ≤ r into the disc
Lemma 1.1. [4]
Let β be a non-negative real number and γ be a complex number
is the smallest positive root of the equation
The result is sharp when γ is a non-negative real number.
Main Results
Theorem 2.1. Let β be a positive real number and γ be a complex number such that γ + β ̸ = 0. If
The result is sharp when γ is a real number such that γ ≥ −βα.
Proof. From (2.1) , we have
′ R m δ F (z) and differentiating logarithmically, the relation (2.2) yields
From (2.3) and (2.4) , we obtain
Since the real part of right hand side of the equation (2.5) is, by Lemma 1.1, greater than zero in |z| < R
] . To show the sharpness when γ is a real number such that γ ≥ −βα, we take
Clearly F (z) = z + 2az 2 + · · · , and for this function it is easy to compute from (2.4) that
Hence the sharpness of the result follows from that of Lemma 1.1. This completes the proof of Theorem 2.1.
Theorem 2.2. Let γ be a complex number such that
γ + 1 ̸ = 0. If F (z) = z + az 2 + · · · ( 0 ≤ a ≤ 1 − α (1 + δ) (1 + m) ) belongs to W δ (m, α), then the function f (z) defined by f (z) = z 1−γ γ + 1 (z γ [R m δ F (z)]) ′ (2.6) belongs to W (α) in |z| < R [ γ + 1, 0, (1+δ)(1+m)a 1−α ] .
The result is sharp when γ is a real number such that γ > −1.
Proof. The relation (2.6) can be written as
′ and differentiating the above relation, we have
From (2.7) and (2.8) , we obtain
and hence by Lemma 1.1,
. To show the sharpness we take
Finally we consider the function f (z) defined by (2.1) is a limiting case for spirallike functions.
If β → 0, the relation (2.1) reduces to
where γ ̸ = 0. We now prove the following:
The result is sharp when γ is a positive real number.
Proof. Letting
we have from (2.9) that Remark 2.2. If we put m = δ = 0 in Theorem 2.1 − 2.3, then we obtain corresponding results of Kumar [4] .
